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A B S T R A C T   

Southern yellow pine specimens collected from historical structures, stumps, and coarse woody debris in forests 
have been difficult to identify at the species level due to similar wood anatomy. This can be problematic for 
dendrochronologists when identifying the correct species used in the construction of historical structures, or 
reconstructing forest history on the landscape and using those specimens in the context of that history. We 
applied a quadratic discriminant analysis (QDA) to update a century-old method plotting pith diameters against 
second annual ring diameters to discern one species of southern yellow pine from others. Our analysis estimates 
error rates for false positive and false negative determinations when comparing longleaf pine (Pinus palustris 
Mill.) to shortleaf (Pinus echinata Mill.) and loblolly pine (Pinus taeda L.). The cross-validated false positive error 
rates for the smallest dataset (n = 46), was nearly twice (9.52%) that determined as a simple proportion by 
counting errant observations (4.76%). QDA of the largest dataset (n = 206) gave a flatter zero contour and false 
positive rate (3.13%) like the proportionally determined value (1.56%), despite one additional observation being 
falsely assigned to longleaf pine by QDA. An unknown, unearthed southern pine specimen from southeastern 
Virginia was radiocarbon dated up to 500 years prior and assigned as longleaf by our method (probability ≥
0.9998). Thus, through a QDA, it is possible to greatly improve confidence in identifications of key unknown 
specimens that can provide evidence of discerning one species, longleaf pine, from other southern yellow pines.   

1. Introduction 

Dendrochronology allows scientists to use precise measurements and 
analyses of tree rings to untangle complex climatological, ecological, 
and/or archaeological phenomena associated with a tree’s radial growth 
(Douglass, 1941; Speer, 2010). Overlapping present-day specimens from 
live trees with remnant specimens (e.g. preserved cross sections) builds a 
deeper knowledge of how these phenomena impacted radial growth 
further into the past. Using samples from the same genera in developing 
these chronologies is essential, if inferring how these events may have 
impacted a forest, or how and when a tree was cut for use in structures of 
archaeological interest. Furthermore, it may be necessary to identify the 
specimen down to the species level as different species might yield 
different climatic or ecological responses, or might help to discern why 
humans may have selected a certain species over another for use in 

historical and current structures. Such is the case when working with 
southern yellow pines from the southeastern United States. 

Southern yellow pines have been used widely around the world for 
commercial forest products since European colonization of the Americas 
(Williams, 1989; Frost, 2006; Fox et al., 2007); species favored for past 
and present use include longleaf pine (Pinus palustris Mill.), loblolly pine 
(Pinus taeda L.), shortleaf pine (Pinus echinata Mill.) and slash pine (Pinus 
elliottii Engelm.). Longleaf pine was the predominant species used from 
European colonization up until the middle of the 20th century in this 
region, covering over 37 million hectares in pure or mixed forests prior 
to colonial settlement (Frost, 1993). This species’ strong and dense wood 
from straight boles was suitable for ship masts as well as lumber and 
flooring used in commercial and residential structures (Kush et al., 
2004). Longleaf pine was also a critical chemical resource for the naval 
stores industry. This species, along with slash pine, were intentionally 
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wounded for oleoresin collection and processed to provide a variety of 
resources (Gamble, 1921; Wahlenberg, 1960; Butler, 1998; Outland, 
2004; Frost, 2006). Once the trees were harvested, their stumps were 
later pulled from the ground for steam/solvent extractions to separate 
the residual resin compounds from the stump wood (Gardner, 1989). 
The timber and naval stores industry resulted in the collapse of the 
Virginia longleaf pine ecosystem in 1843 (Rouse, 1988; Frost, 2006). 
Longleaf pine still grows on sites across its native range, from south-
eastern Virginia to eastern Texas; however, longleaf pine currently 
covers only a small fraction of the former land area (Frost, 1993; Outcalt 
and Sheffield, 1996; Sheridan et al., 1999; Oswalt and Guldin, 2021). 
Other southern yellow pines, such as loblolly pine, shortleaf pine, and 
slash pine have supplanted longleaf for commercial use throughout 
much of the 20th century and into the 21st century. 

Differentiating southern yellow pines to the species level using 
chemotaxonomic or spectroscopic approaches has shown limited utility 
(Eberhardt et al., 2007, 2009a) while differentiating them by gross and 
microscopic anatomy has been ineffectual (Panshin and de Zeeuw, 
1980). Determining southern yellow pines at the species level is espe-
cially important when dendrochronologists are trying to better under-
stand the ecological, climatological, or archaeological history of the 
temperate forests of southeastern North America. Different southern 
yellow pine species may elicit varying responses to climate (Friend and 
Hafley, 1989; Zahner, 1989; Devall et al., 1991; Travis and Meente-
meyer, 1991; Cook et al., 1998; Meldahl et al., 1999; Foster and Brooks, 
2001; Bhuta et al., 2009; Henderson and Grissino-Mayer, 2009) and 
ecology (Bhuta et al., 2008; Pederson et al., 2008). Determining why one 
southern yellow pine species was chosen over another in construction 
might provide insight into the history of an archaeological site (van de 
Gevel et al., 2009). Longleaf pine was presumed to be present in many 
dendrochronological studies investigating climate, ecology, and 
archaeology (van de Gevel et al., 2009; Therrell et al., 2017; Harley 
et al., 2018; Patterson and Knapp, 2018); however, these investigators 
used qualitative assessments to identify their longleaf pine timbers or 
stumps. The only known method to identify longleaf pine timbers was 
developed by Koehler (1932), validated by Eberhardt et al. (2011), was 
not used in any of these studies. 

The method for determining longleaf pine from other southern yel-
low pines (loblolly pine, shortleaf pine, and slash pine) involves 
measuring the pith and second annual ring diameters (if intact), plotting 
these diameters against each other, and fitting the measurements to a 
curve where longleaf pine lies above the curve and loblolly, shortleaf, 
and slash pines are below (Koehler, 1932). The method was tested and 
validated with longleaf, shortleaf, and loblolly pine samples (Eberhardt 
et al., 2009b, 2011). While this method uses repeatable and observable 
data, the curve or line lacked a statistical approach as it was simply 
drawn onto the plot to differentiate longleaf pine from other southern 
yellow pines. No data points or equation were provided with the original 
method (Koehler, 1915a, 1915b, 1932). 

The first objective of our research was to determine if we could 
delineate a more statistically robust curve compared to the prior Koehler 
method (1932) in the determination of false positive (and false negative) 
error rates for differentiating a southern yellow pine, specifically long-
leaf pine, from shortleaf and loblolly pines. We used three different 
datasets to develop these curves: 1) cross sections at stump height (0.15 
m, 0.5 m); 2) cross sections at and above stump height (5 m, 6.1 m); and 
3) increment cores at stump height (0.2 m). The second objective of our 
research was to determine if these curves could be used to identify an 
unearthed radiocarbon-dated lightwood specimen from a mire in 
southeastern Virginia that had both intact pith and second annual ring. 
The quantitative measurements coupled with the statistical robustness 
in delineating these curves could potentially help scientists in the 
southeastern United States determine if unknown specimens they are 
working with are longleaf pine or one of the other southern yellow pines. 

2. Materials and methods 

2.1. Study tree sampling, preparation, and measurement 

We obtained samples from cross sections and cores from throughout 
the southeastern United States. Cross sections collected for wood quality 
studies (e.g. Kelley et al., 2004), were sampled at a stump height of 0.5 m 
(n = 26), and in some cases at a height of 5 m (n = 11) above ground 
level, for loblolly (age range 13–39 years), shortleaf (22 years in age), 
and longleaf (55 years in age) pines. Seventy-year-old longleaf pine cross 
sections collected from a spacing, pruning, and thinning study site in 
Louisiana (Eberhardt et al., 2018, 2019) were measured at a stump 
height of 0.15 m (n = 20) and at a height of 6.1 m (n = 20) above ground 
level. Cross sections were air-dried and areas near the pith and second 
annual ring diameters were smoothed with a razor blade and/or fine 
sandpaper to improve measurement precision (0.01 mm resolution) 
using digital calipers (Eberhardt et al., 2011). When needed, a light 
application of water to the surface improved the contrast for the features 
of interest, particularly the first annual ring (Koehler, 1915a, 1915b). A 
hand lens (10 ×) was used when necessary to aid in our measurements. 
When annual rings were somewhat elliptical, the maximum and mini-
mum diameters were averaged. 

Increment cores (n = 206) collected at a stump height of 0.2 m above 
ground level from longleaf, loblolly, and shortleaf pines from unpub-
lished, published, and ongoing research from across southeastern United 
States (Bhuta et al., 2008, 2009; Bhuta, 2011; Bhuta and Kennedy, 2021) 
were also used. The average age for these increment cores were 53.6 
years for longleaf pine, 61.4 years for loblolly pine, and 50.8 years for 
shortleaf pine. Increment cores for these projects had already been 
prepared using progressively finer abrasive paper (200–15 µm) to reveal 
details of each core and were measured for ring widths. For our current 
study, these increment cores were examined to determine if their piths 
and second annual rings were intact. Cores with their pith and their first 
annual and second annual ring width diameters intact on both sides of 
the core were remeasured using a Velmex TA measuring system to 
determine both pith and second annual ring diameters (0.001 mm 
resolution). 

A stem section of southern yellow pine was unearthed from a mire at 
Joseph Pines Preserve (Sussex County, VA) in 2018 (Fig. 1). This spec-
imen was dried under ambient conditions and cut to expose the cross 
section for measuring values for the pith and second annual ring di-
ameters. A small subsection (2 cm × 2 cm × 3 cm) was cleaved from 
rings 21–24 on the edge of the cross-section and sent to Beta-Analytic 
(Miami, FL) for Accelerator Mass Spectrometry (AMS) dating. Resin- 
soaked wood near the pith and irregular projections radiating from 
the pith were not included in our measurements as part of the pith for 
our cross sections, increment cores, and the unearthed pine sample 
(Koehler, 1932; Eberhardt et al., 2011). Transverse surfaces of longleaf 
(MADw 8859), shortleaf (MADw 15738), and loblolly (MADw 15729) 
pine wood specimens from the USDA Forest Products Laboratory xyla-
rium (Madison, WI, USA) were polished by sanding with a series of 
sandpapers up to a grit of 1500, then imaged using the XyloTron (Rav-
indran et al., 2020), with each image covering a 6.35 mm × 6.35 mm 
area. 

2.2. Quadratic discriminant analysis 

Data points, nor an equation for delineating the initial curve, were 
ever provided by Koehler (1932). To recreate this curve, the graph from 
Koehler (1932) was enlarged on a photocopier to facilitate the selection 
of points along the curve that crossed the grid lines. We plotted these 
data points (18 total) and fit the best polynomial equation to these points 
in Microsoft Excel. This curve was plotted against our quadratic 
discriminant analyses to determine differences between our contours 
and Koehler’s (1932) curve. 

With observations that have known groups, supervised learning can 
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be used to develop models to understand relationships between different 
group classifications and to help classify future unknown observations 
(James et al., 2013). Classical statistical methods, such as linear (or 
quadratic) discriminant analysis and logistic regression, provide simple 
functionals that can be applied to new observations to calculate prob-
abilities of class membership. Other methods are available if warranted 
for more complex situations and data sets, such as when the distribu-
tional characteristics are unknown, or with relatively large (e.g., tall 
and/or wide) data sets that can present computational issues for tradi-
tional statistical methods (see “high-dimensional” data in James et al., 
2013). 

Based on initial assessments of previously collected data (Eberhardt 
et al., 2011) and the appearance of Koehler’s curve on plots of those 

data, the statistical methods that are most comparable to Koehler’s 
methodology were quadratic discriminant analysis (QDA) or logistic 
regression. A density plot for the first cross section dataset (n = 46) was 
generated to visualize the datapoint distributions and verify the appli-
cability of QDA, and not linear discriminant analysis. QDA is applicable 
when groups are assumed to be normally distributed but have heter-
ogenous covariance matrices and the resulting boundaries delineating 
the groups are quadratic functions. Alternatively, logistic regression 
provides a flexible approach, allowing the modeling of group probability 
membership as a function of polynomial equations, but is not discussed 
here since the results were similar to those following QDA. 

Statistical analyses were conducted in SAS/STAT® V14.1 software 
(PROC DISCRIM, SAS Version 9.4 software, SAS Institute Inc., Cary, NC, 

Fig. 1. Southern yellow pine tree section unearthed at The Joseph Pines Preserve in Sussex County Virginia: a) initial cut, b) cross section with rectangle indicating 
pith and second annual ring zone of interest, and c) closer view of pith with arrows indicating second annual ring diameter measurement. 

Fig. 2. Bivariate normal density plot for longleaf and other southern pines (loblolly pine and shortleaf pine) observations (pith and second annual ring diameters) at 
stump height (n = 46). 
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2016). Equal prior probabilities for class membership were assumed 
since the groups were not sampled based on proportional occurrence. A 
bivariate normal density plot generated for longleaf pine and the other 
southern yellow pine species (loblolly and shortleaf pines together) 
datapoints, all measured at stump height (0.15 m, 0.5 m; n = 46), ex-
hibits distributions differing in shape and orientation (Fig. 2). Homo-
geneity of the within-group covariance matrices was tested with 
Bartlett’s modification of the likelihood ratio test (POOL=TEST option 
in SAS’s PROC DISCRIM, SAS Institute, Inc., 2016). Beyond SAS soft-
ware documentation, Davis (1981) details QDA calculations, while Li 
(2006) also provides an overview of the methods in the context of a 
financial application. These discussions give the mathematics of the 
quadratic discriminant function in terms of measuring an observation’s 
distance to a group using generalized squared distance and probability 
of group membership as a function of the squared distance. To evaluate 
the performance of the methods, “leave-one-out” cross-validation was 
used to estimate error rates as given in a confusion matrix (James et al., 
2013). This type of cross-validation helps to reduce the bias in the 
estimation of error rates and is applied by leaving one observation out of 
the dataset, calculating the discriminant function without the observa-
tion, and then determining the classification for that observation using 
that newly calculated discriminant function. Contour figures of the 
generalized squared distances (based on the calculated quadratic 
discriminant functions) were generated in the statistical software 
package R, version 4.0.0 (R Core Team, 2020). 

3. Results 

3.1. Koehler and quadratic discriminant curves and analysis 

We determined that a second order polynomial equation: 
y = 0.00183x2 - 0.0386x + 2.159; where y = pith diameter (mm) and 
x = second annual ring diameter (mm) best fit Kohler’s (1932) approach 
and assisted us when visually comparing this curve to our QDA. The 
minimum value for the second annual ring diameter on Koehler’s graph 
is 6.35 mm. We assumed that any extension of the curve to lower second 
annual rings diameters would be with a constant pith diameter of 2 mm 
(Eberhardt et al., 2011). 

The bivariate densities for longleaf pine and the other southern 
yellow pine species (loblolly and shortleaf pines together) datapoints, all 
measured at a stump height (0.15 m, 0.5 m; n = 46), show them to have 
different distributions based on shape and orientation (Fig. 2). The ho-
mogeneity of the within group covariance matrices was tested and 
rejected, with a highly significant probability value (0.0077). This 
indicated a difference in the covariances and variances within each of 
the groups, violating an assumption of linear discriminant analysis. QDA 
was henceforth applied to this dataset, and the larger datasets from cross 
sections (n = 77) and increment cores (n = 206), to give contours which 
bared resemblance to Koehler’s curve (Fig. 3a–c). A confusion matrix 
based on our QDA provides corresponding estimates of the error rates 
(Table 1), which were determined by leave-one-out cross-validation and 
are based on an equal probability of being in either of the two groups 
(longleaf pine vs. the other southern pines). 

Fig. 3. Plot of pith against second annual ring diameters with quadratic discriminant analysis function contours and second order polynomial curve (Koehler, 1932) 
for longleaf and other southern yellow pines (loblolly pine and shortleaf pine) for: a) cross sections at stump height (n = 46) b) cross sections at and above stump 
height (n = 77) c) increment cores at stump height (n = 206). The discriminant function zero contour delineates longleaf pine from other southern yellow pines. 
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3.2. Identification and radiocarbon dating of unknown southern yellow 
pine mire sample 

We were able to determine the posterior probability of the unknown 
radiocarbon sample being identified as longleaf pine at 0.9998 (Table 2) 
based on the quadratic discriminant function calculated from our disk 
samples with observations taken at either a stump height or further up 
the tree (n = 77). This calculation is arrived at approximately by first 
calculating the generalized squared distance as shown in Eq. (1) (cor-
responding to the contours in Fig. 3b): 

q(p, s) = − 12.96+ 4.60p+ 0.05p2 + 0.26s − 0.01s2 − 0.01ps (1)  

where p = pith measurement (mm) and s = second annual ring mea-
surement (mm). 

The posterior probability of being a longleaf pine is then calculated 
as shown in Eq. (2): 

P(p, s) = exp(q(p, s))/(exp(q(p, s))+ 1) (2) 

The posterior probabilities using the smaller (n = 46) and larger 
stump height (n = 206) datasets were 0.9999 and 1.0000, respectively 
(Table 2). 

Radiocarbon dating provided five possible age ranges for the mire 
lightwood sample (Fig. 4, Table 3). One age (1940) could be excluded 
from consideration since no original longleaf pine existed at Joseph 
Pines in 2008, the calculated date of the tree for the last measurable 
rings assuming 1940 as the date for rings 21–24. In fact, no original 
longleaf pine existed in Sussex County, VA by that date. While none of 
the other four radiocarbon dates can be excluded, the most likely age of 
the mire sample is between 1624 and 1680 CE (53%). Regardless, the 
mire sample definitely dates to before 1800 CE. Anchoring this sample to 
the dendrochronological record could further validate the radiocarbon 
date, however there are no southern yellow pine chronologies in this 
area to which this sample could be anchored to. 

4. Discussion 

For clear wood specimens, there are no gross and microscopic 
anatomical features that allow even highly trained wood anatomists to 
definitively differentiate between the southern yellow pines on a species 
level (Panshin and de Zeeuw, 1980). This point is illustrated by the 
obvious similarity of cross sectional images (Fig. 5) from vouchered 
specimens of longleaf, shortleaf, and loblolly pines, all from the wood 
collection at the Forest Products Laboratory. Characteristic of the 
southern yellow pines as a group is the presence of wide latewood bands 
not found in the other hard pines (Panshin and de Zeeuw, 1980); 
Kukachka (1960) did note multiple latewood bands in individual annual 
rings are sometimes present for longleaf and slash pines. Tree cross 
sections, when available, do allow longleaf pine to be separated from the 
other southern pines by measurements of the pith and second annual 
ring diameters, the latter being narrow in longleaf pine and relatively 
wide for shortleaf and loblolly pines. Note that annual rings further out 
were not considered by Koehler (1932) because they would be less 
indicative of tree vigor around the time of pith formation. 

The greatest accuracy for this empirical method was obtained at 
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Table 2 
Posterior probabilities of unearthed southern yellow pine section being longleaf 
pine or the other southern pine (loblolly and shortleaf pines) group based on 
quadratic discriminant functions as determined by the different data sets.  

Sampling height 
(m) 

Total 
observations 

Probability 

Longleaf 
pine 

Loblolly or shortleaf 
pine 

0.15, 0.5 46 0.9998 0.0002 
0.15, 0.5, 5, 6.1 77 0.9999 0.0001 
0.2 206 1 0  

T.L. Eberhardt et al.                                                                                                                                                                                                                            



Dendrochronologia 71 (2022) 125904

6

stump height (Koehler, 1932) where the pith is the smallest for a given 
tree. Pith increases in size up the bole of the tree and decreases again at 
the crown (Koehler, 1915a, 1915b). The method is best applied to 
slow-growing timbers from natural forests, and not pine plantations, the 
latter having rapid growth for slash, loblolly and shortleaf pines that can 
give pith diameters approaching those typical of longleaf pine (Koehler, 
1932). Initial research into this method (Koehler, 1915a, 1915b, 1917) 
describes a line with a positive slope, that is presented as a very shallow 
curve. An exception to this is a graph of a completely straight line with 
no data points shown (Koehler, 1921). Using a minimum differentiating 

pith diameter of 2.54 mm, the initial method was without exception 
(Koehler, 1915a, 1915b). Upon expanding the data set and applying an 
updated curve with a minimum differentiating pith diameter of about 
2 mm, false positives for longleaf pine were reported to be 2.7%, 2%, 
and 3.7% for shortleaf, loblolly, and slash pine timbers, respectively 
(Koehler, 1932). Through a statistical approach, herein being discrimi-
nant analysis, the proximity of an unknown observation on the pith 
diameter versus second annual ring diameter plot, relative to clusters of 
known observations, can be factored into determining the probability of 
a false positive assignment to longleaf pine. 

4.1. QDA of cross section data at stump height 

Corresponding pith and second annual ring diameter values provided 
the observations for the discriminant analyses. A statistical approach 
was rationalized as having the potential to improve the separation of 
longleaf pine from the other southern pines, with loblolly and shortleaf 
pines grouped together. Another desired outcome was to determine 
classification error rates based on the positioning of individual obser-
vations from either group (longleaf pine or the other southern pines), as 
opposed to simply taking the percentage of the erroneous observations 
in the corresponding data group, the latter determined by counting the 
number of observations falling to the wrong side of Koehler’s (1932) 

Fig. 4. Calibration of radiocarbon age to calendar years for unearthed southern yellow pine tree section.  

Table 3 
Calendar age ranges of unearthed southern yellow pine tree section as deter-
mined by radiocarbon dating.  

Probability (%)a Calibrated date (cal AD) Radiocarbon determination (cal BP) 

15.4 1522–1575 428–375 
53 1624–1680 326–270 
1.8 1740–1753 210–197 
22 1762–1800 188–150 
3.3 1940 to post 1950 10 to post 0  

a 95.4% total probability determination values provided by analytical lab; all 
date ranges are possible unless eliminated by other chronologies. 

Fig. 5. Representative images of a) longleaf, b) shortleaf, and c) loblolly pine wood specimens showing earlywood growth (EW), latewood growth (LW), and resin 
canals (RC); each image is 6.35 mm × 6.35 mm. 
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delineating curve. 
For the cross-section data collected at stump height (n = 46), the 

error rate for a false positive classification for longleaf pine by QDA was 
9.52% and was attributed to the two observations nearest the zero- 
contour delineating the two groups (longleaf pine vs. other southern 
pines). The first data point attributed to a false positive (pith = 2.84 mm, 
second ring = 26.52 mm) is easy to rationalize, with it falling almost on 
the zero contour (Fig. 3a). The second false positive observation (pith =
5.12 mm, second ring = 54.88 mm) is particularly interesting because it 
had been accurately identified as not being longleaf pine by falling 
below Koehler’s curve. Based on longleaf pine consistently having sec-
ond annual ring diameters below 40 mm (Eberhardt et al., 2011), 
perhaps providing another threshold for species classification, the sec-
ond ring measurement of 54.88 mm would also lead us to accurately 
identify this observation as one of the other southern pines (i.e., not 
longleaf pine). Within the context of this dataset of non-longleaf pine 
observations (n = 21), the observation in question (pith = 5.12 mm, 
second ring = 54.88 mm) appears to be influential and/or an outlier and 
calculating the discriminant function without it alters the discriminating 
contours substantially, resulting in it being classified incorrectly on 
cross-validation. Altogether, a validation measure of Koehler’s method 
finds the odds of an overall false positive classification as a simple 
proportion (1/21) to be lower (4.76%) than the estimated error rate 
obtained by QDA with cross-validation (9.52%); this indicates that there 
is uncertainty in both Koehler’s method and the estimate of the 
quadratic discriminant function, and further supports statistical ap-
proaches to characterize that uncertainty. 

4.2. QDA of cross section data including intermediate heights 

In our prior study (Eberhardt et al., 2011), data were also collected 
for longleaf pine at additional tree heights (0.75, 6.1, 12.2, and 18.3 m) 
while loblolly pine data was available for a limited number of trees at a 
height of 5 m. Adding the longleaf pine (height = 6.1 m) and loblolly 
pine (height 5 m) data to the statistical analysis gave similar positioning 
to the QDA contour lines, albeit with slightly wider generalized squared 
distances. The zero contour (Fig. 3b) for the larger dataset (n = 77) 
essentially traced the zero contour for the smaller dataset (n = 46), 
indicating that the addition of observations from multiple heights does 
not greatly alter the underlying bivariate densities. 

There were still two false positive classifications for longleaf pine, 
but with the additional observations, the error rate decreased to 6.25% 
(Table 1). The peculiarity that arises is that by cross validation, we now 
see a false negative classification with an accompanying error rate of 
2.22%. This value is 10-fold greater than what Koehler (1932) observed 
for the odds of a false negative classification, with only a single longleaf 
pine specimen out of a total of 505 (or 0.2%) being misidentified as 
being one of the other southern pines (i.e., not longleaf pine). Aside from 
Koehler attributing this occurrence to a “deformed” pith, it nonetheless 
is not a cross-validated error rate and likely biased downward (i.e., 
overly optimistic). Altogether, the application of QDA for both above 
datasets gave either one false positive or one false negative more than 
obtained with either dataset (n = 46 or n = 77) evaluated with Koeh-
ler’s delineating curve. 

Koehler’s method is known to be most accurate at stump height. In 
our earlier study (Eberhardt et al., 2011), the data were also presented 
for longleaf pine at different tree heights (0.75, 6.1, 12.2, and 18.3 m) 
besides stump height (0.15 m). Plotting the pith and second annual ring 
diameter data against height for each tree supported the trend noted by 
Koehler (1915a, 1915b), particularly with second annual ring di-
ameters, increasing rapidly and then gradually decreasing towards the 
crown (plots not shown). A linear model based on simple functionals of 
height (height and natural logarithm of height) was stronger with sec-
ond annual ring diameter than pith diameter, the latter changing little 
with height. The linear model (which also considered a random tree 
effect and heterogeneity in pith and second annual ring diameters) 

indicated that higher pith diameters coincide with higher second annual 
ring diameters across the range of heights (ρ̂= 0.767). Although pith 
diameters did not appear to vary as much as the second annual ring 
diameters, wider pith diameters still coincided with wider second 
annual ring diameters. Thus, Koehler’s curve corrects for rapid tree 
growth in southern pines other than longleaf pine by excluding the other 
southern pines with large pith diameters resulting from rapid growth as 
their second annual ring diameters would exceed the relationship 
exhibited by longleaf pine. 

4.3. QDA of increment core data at stump height 

Stump height data from increment cores collected during dendro-
chronological studies (Bhuta et al., 2008, 2009) was made available to 
give a new dataset with 5-fold higher number of observations (n = 206) 
from our initial assessment of cross sections at stump height (n = 46). 
The observations from this dataset gave a different contour plot of the 
generalized squared distances for group membership (Fig. 3c) such that 
the contour lines now deviate from the pattern of Koehler’s curve. 
Specifically, we now observe that the zero contour is flatter, and crosses 
over the Koehler curve. While there was no effect on the absolute 
number of false positive classifications, the increase in the size of the 
dataset decreased the false positive rate error rate to 3.13% (Table 1). 
There was a slight increase in the false negative error rate from 0% to 
1.41% from two observations from the dendrochronological dataset. 
The number of false negative observations is greater by QDA than ob-
tained using the Koehler curve, with one of the observations being above 
the curve (pith, second ring; 2.290, 19.466 mm) and the other (pith, 
second ring; 3.179, 36.402 mm) exactly on the curve (pith, second ring; 
3.179, 36.402 mm). The equation we generated for Koehler’s curve was 
our best approximation for that presented in the 1932 publication. It is a 
rare occurrence for one of our observations to fall exactly on the curve 
down to 1 µm, and technically give neither a false positive nor false 
negative result. 

Southern pine stumps and stem sections discovered in southeastern 
Virginia could be used to document the native range for longleaf pine if 
they could be identified, with a high degree of confidence, as longleaf 
pine. Up until this point, using the Koehler curve, we applied the simple 
probability of false positive results from our known sample datasets. 
Thus, in this case, because the southern yellow pine mire sample (pith =
4.47 mm, second annual ring = 22.25 mm) was not known to be at 
stump height, the error rate has the potential to be higher than the 
probability value of 0.0625 for a false positive when simply using the 
proportion of false positives classifications (2/32), even when using the 
dataset (n = 77) inclusive of data at stump height (0.15 m, 0.5 m) and 
higher up the tree (5 m, 6.1 m). However, such an oversimplified 
assessment does not consider the position of that observation relative to 
either group. Clearly, with an observation in the middle of a cluster of 
longleaf pine observations, well away from any of the observations for 
the other two southern pines, the probability value of 0.0625 does not 
appear to be excessively conservative. Indeed, even the false positive 
error rate of 3.13%, for the expanded dataset, would appear to be 
inappropriate. 

4.4. The southern yellow pine mire sample 

Within the context of identifying southern yellow pines, this meth-
odology can aid dendrochronologists in identifying unknown samples as 
longleaf pine apart from other southern yellow pine species in archae-
ological or climatological research. This method could also help to solve 
other questions regarding the biogeography of longleaf pine. Our mire 
sample from southeastern Virginia demonstrates that lightwood and 
timber samples can be positively identified as longleaf pine, both by 
plotting the diameter values (pith = 4.47 mm, second annual ring =
22.25 mm) against Koehler’s delineating curve (see Fig. 3a-c) and QDA. 
Since there is some debate on the range of longleaf pine in Virginia 
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(Little, 1971; Frost, 2006), this method can be used to identify longleaf 
pine relicts for accurate mapping. 

The error of falsely identifying one of the other species as longleaf 
pine (a false positive) could lead to the unfortunate consequence of 
proposing range extensions for longleaf pine beyond its true historical 
range. Conversely, a false negative result, that is identifying a longleaf 
pine specimen as being one of the other southern pines, would be less 
impactful since there would be no challenge to the established historical 
range. By applying this statistical approach to an unknown southern 
pine tree section unearthed in a wetland mire at Joseph Pines Preserve in 
Sussex County, Virginia, we were able to provide probabilities of its false 
assignment to longleaf pine with greater confidence. To our knowledge, 
this is the first successful effort to radiocarbon date a suspected longleaf 
pine timber from antiquity and statistically identify it as longleaf pine 
with confidence. This is a remarkable finding and highlights the po-
tential of identifying unknown samples as longleaf pine or not. 

5. Conclusion 

QDA provided statistically based estimated error rates for false 
positive and false negative determinations for longleaf pine when 
compared to other southern yellow pines. The cross-validated false 
positive error rates for the tree disk datasets were higher than that 
determined using the empirical plot. With a five-fold increase in the data 
set used for the QDA, similar false positive error rates (probabilities) 
were obtained. By calculating the posterior probabilities for an unknown 
southern yellow pine tree section, extremely high values (≥ 0.9998) for 
an assignment to longleaf pine were achieved. Altogether, while the 
statistical approaches used here did not appear to improve the parti-
tioning of longleaf pine away from the other southern pines in the 
datasets, for individual unknown specimens, the assignment to longleaf 
pine can be done with an extremely high degree of confidence. 
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